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Abstract
We prove a variant of the Lavrent′ev’s approximation theorem that
allows us to approximate a continuous function on a compact set K
in C without interior points and with connected complement, with
polynomial functions that are nonvanishing on K.
We use this result to obtain a version of the Voronin universality
theorem for compact sets K, without interior points and with con-
nected complement where it is sufficient that the function is continuous
on K and the condition that it is nonvanishing can be removed.
This implies a special case of a criterion of Bagchi, which in the
general case has been proven to be equivalent to the Riemann hypoth-
esis.
Theorem 1. Let K be a compact set in the complex plane with connected
complement and without interior points. Let f(z) be any continuous function
on K. Then for any ǫ > 0 there exists a polynomial p(z) that is nonvanishing
on K such that
|p(z)− f(z)| < ǫ, z ∈ K.
This theorem is a generalization of a theorem of Lavrent′ev [5] or [7],
which in turn is a special case of a theorem of Mergelyan where the set
K is allowed to have interior points, (see [6], [3] or [8], Theorem 20.5).
Lavrent′ev’s original theorem does not say that we can choose the polynomial
to be nonvanishing on K.
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Proof. By Lavrent′ev’s theorem [5] (Theorem 1 without assuming that p(z)
is nonvanishing) we can find a polynomial P (z) such that
|P (z) − f(z)| < ǫ/2, z ∈ K. (1)
Let
P (z) = c0
m∏
k=1
(z − zk),
where zk denote the roots of P (z). Since K contains no interior points there
exist sequences zk,n of points in C \K such that limn→∞ zk,n = zk. Define
pn(z) = c0
m∏
k=1
(z − zk,n)
Since all the coefficients of the polynomials pn(z) will converge to the coef-
ficients of P (z), it is clear that pn(z) will converge to P (z) uniformly on the
compact set K. Hence there exists an n such that
|pn(z)− P (z)| < ǫ/2. (2)
Since zk,n denote points in C \ K, the polynomial pn(z) will have all its
zeroes outside of K and the polynomial will be nonvanishing on K. We can
therefore choose p(z) = pn(z). By the triangle inequality and (1), (2) we
have the inequality |p(z)− f(z)| < ǫ for every z ∈ K.
Theorem 2. Suppose that K ⊂ {z ∈ C : 1/2 < Re(z) < 1} is a compact
set without interior points and with connected complement, and that f is a
continuous function on K. Then for any ǫ > 0 we have that
lim inf
T→∞
1
T
meas
{
t ∈ [0, T ] : max
z∈K
|ζ(z + it)− f(z)| < ǫ
}
> 0.
Proof. By Theorem 1 we can approximate f(z) by a polynomial g(z) such
that
|g(z)− f(z)| < ǫ/2, z ∈ K, (3)
where g(z) is nonvanishing on K. By the classical theorem of universality
(which in the case of compact sets without interior points is just Theorem
2
2 where f(z) is assumed to be nonvanishing on K, see [1], [9], Theorem 1.9
or [4]), we have that
lim inf
T→∞
1
T
meas
{
t ∈ [0, T ] : max
z∈K
|ζ(z + it)− g(z)| < ǫ/2
}
= δ > 0.
When we have the inequality
max
z∈K
|ζ(z + it)− g(z)| < ǫ/2
it follows from the triangle inequality and (3) that
max
z∈K
|ζ(z + it)− f(z)| < ǫ.
Hence
lim inf
T→∞
1
T
meas
{
t ∈ [0, T ] : max
z∈K
|ζ(z + it)− f(z)| < ǫ
}
≥ δ > 0.
A simple corollary is about universality on lines:
Corollary 1. Let f be a continuous function on the interval [0, C] and let
1/2 < σ < 1. Then for any ǫ > 0 there exists a T such that
max
t∈[0,C]
|f(t)− ζ(σ + iT + it)| < ǫ.
Proof. Choose K = [σ, σ + iC] in Theorem 2.
Another consequence is that the zeta-function fullfills certain self-similarity
properties. More precisely:
Corollary 2. Suppose that K ⊂ {z ∈ C : 1/2 < Re(z) < 1} is a compact
set without interior points and with connected complement. Then for any
ǫ > 0 we have that
lim inf
T→∞
1
T
meas
{
t ∈ [0, T ] : max
z∈K
|ζ(z + it)− ζ(z)| < ǫ
}
> 0.
Bagchi [1], p. 322 called the property that Corollary 2 is true for all
compact sets in the strip 1/2 < Re(s) < 1, strongly recurrent and proved that
it was equivalent to the Riemann hypothesis. We note that we have proved
this property whenever the compact set has a connected complement and
3
empty interior. While this of course is not sufficient to prove the Riemann
hypothesis, since Bagchi’s proof ([1], p. 322) uses Rouche’s theorem and
depends on the existence of interior points, there exist in fact quite a number
of compact sets of this type, such as compact sets with positive measure (an
example is the Cartesian product of a fat (or Smith-Volterra) Cantor set
([2], Section 4.1) and an interval), so the result in itself is nontrivial.
Remark . Although we have stated the theorem about universality only
for the Riemann zeta-function in this paper, it is also true for other zeta-
functions as well, such as the Dirichlet L-functions. Theorem 6.12 in Steud-
ing [9] on the Selberg class for example, can be stated without assuming
that the function is nonvanishing if the compact set in that theorem has no
interior elements. Also in the theorems about joint universality of Dirichlet
L-functions (see [1], [9]) the conditions that the functions are nonvanishing
can be removed if only compact sets without interior points are considered.
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